II. Orbit definition
The concept of heliocentric Earth-following orbits is illustrated in Figure 1 : a solar sail acceleration is used to rotate the line of apsides of an elliptic heliocentric orbit such that aphelion follows the Sun-Earth line. The sail contributes an acceleration, f , to the spacecraft trajectory based on the vehicle's location with respect to the Sun.
Since a planar case is considered (such that the solar sail spacecraft orbits the Sun in the ecliptic plane), the evolution of the osculating orbital elements and time is given by the following four Lagrange equations [17] 
with a the semi-major axis, e the eccentricity,  the argument of periapsis,  the true anomaly, 
 
, P the Earth's orbital period and E n is the Earth's mean motion. The semi-major axis and eccentricity must thus remain unchanged over one orbital revolution and the argument of perihelion needs to increase by an amount equal to the angular distance that the Earth traverses in time t  . Here, t  is the spacecraft orbital period (accounting for changes in the orbit period due to the perturbing solar sail acceleration, see Eq. (4)). Note that the Earth's orbit is assumed to be circular.
The conditions in Eq. (5), i.e., no change in the semi-major axis and eccentricity and only a change in the argument of perihelion, are satisfied by choosing a simple apsides steering law. An apsides steering law creates an acceleration opposite to the eccentricity vector, i.e., parallel to the (instantaneous) line of apsides and directed towards aphelion, as shown in Figure 1 .
The radial and transverse components of the acceleration are then defined by: 
Equation (7) is based on an ideal solar sail model, which assumes pure specular reflection of the impinging photons. The solar sail acceleration vector then acts perpendicular to the solar sail surface, i.e., in direction n . The parameter  is the solar sail lightness number, which is the ratio of the solar radiation pressure acceleration and the solar gravitational acceleration. Or, equivalently,  can be expressed as a function of the sail area to spacecraft mass ratio,  , and the critical solar sail loading parameter,
As a realistic near-term value for the lightness number, the Sunjammer mission is taken as a reference.
Sunjammer is a NASA solar sail technology demonstration mission that is scheduled for launch post-2015 and targets a sub-L1 point [3] . With a solar sail area of approximately 1200 m 2 and a mass of 45 kg, the lightness number of the Sunjammer sail is assumed to be in the range 0.0388-0.0455 [18] and is used throughout this paper to assess the near-term performance of the proposed concepts. 
III. Time invariant semi-major axis and eccentricity
A first assessment of the heliocentric Earth-following orbits can be made by assuming that the semi-major axis and eccentricity do not change during the orbital motion (referred to as the 'constant a and e ' case). Section IV will consider the actual variation in these orbital elements (referred to as the 'time-varying a and e ' case). When keeping a and e constant over one revolution, the equations for the argument of perihelion and time in Eq. 9 can be integrated analytically over the time domains specified to obtain the change in these variables after one orbital revolution: 
Since  is a function of the semi-major axis and eccentricity only, contours of equal lightness number can be drawn as shown in Figure 2a 
IV. Time variant semi-major axis and eccentricity
The assumption of constant semi-major axis and eccentricity in the previous section allows an analytical investigation into the heliocentric Earth-following orbits. Removing this assumption and taking the actual variation of a and e into account will have an effect on the performance of the solar sail. A numerical approach for integrating Eq. (9) is adopted: a fine mesh in the initial value for a and e at the orbit perihelion is considered (i.e., 

in Figure 3b ; the intersection between the contours and the shaded area occurs at larger values for the semi-major axis and eccentricity, which implies that the spacecraft will linger longer along the Sun-Earth line along a larger, more elliptical -and desirable -orbit. The orbital elements of these orbits are included in Table 1 , while further details of the time dependencies of the orbital elements are provided in Figure 5 for 
V. Optimal steering law
Although the apsides steering law of the previous section allows for a simple steering of the solar sail, it may not be optimal for extended observations along the Sun-Earth line as will be discussed in Section VI. Therefore, this section investigates the optimal steering law to maximize the time spent near or along the Sun-Earth line or equivalently to maximize the mean eccentricity of the orbit. This optimal steering law is found by solving the American Institute of Aeronautics and Astronautics 10 accompanying optimal control problem using a particular implementation of a direct pseudospectral method in C++ known as PSOPT [19] . A condensed definition of the optimal control problem is given below.
The objective, J , is defined as:
The states,
  t x
, and controls,   t u , as well as bounds on these variables are defined as:
Note the lower limit on the radial control component, which takes into account the inability of a solar sail to generate an acceleration component in the direction of the Sun.
The dynamics are defined in Eqs. (1)- (4) and the event constraints are the required conditions defined for heliocentric Earth-following orbits in Eq. (5) as well as 00 0 t  . Finally, two path constraints are included to ensure that the norm of the control vector is unity and that perihelion is always larger than 0.25 AU:
The intial guess to initialise the optimal control problem is taken equal to the heliocentric Earth-following orbit found in the previous section, i.e., with time-varying semi-major axis and eccentricity, and with an apsides steering law. Figure 6 shows the results for ,min SJ
 
with plot a providing the eccentricity profile that provides the maximum mean eccentricity. Plots b and c clearly show the difference between the apsides steering law and the optimal steering law: thrusting extends beyond the feasible domain for apsides steering, i.e., beyond
while still satisfying the constraint that the sail cannot generate an acceleration in the direction of the Sun, and is directed more radially than the apsides steering law.
VI. Surveillance zone analysis
The amount of time spent by the spacecraft in a particular "surveillance zone" is considered in this section to assess the performance of heliocentric Earth-following orbits for extended observations along the Sun-Earth line.
This surveillance zone is defined through the angle lim  , which is measured from the Sun-Earth line (see Figure 7a) .
To compare the performance of the heliocentric Earth-following orbits, the observation time achieved with a Keplerian orbit -equal in size as the optimal heliocentric Earth-following orbit -is also considered. Because
Keplerian orbits are inertially fixed, aphelion will only be aligned once per synodic period of the Earth-spacecraft system. At other times, the Earth and aphelion may be in opposition with respect to the Sun, losing out on valuable observation time. 
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The results of the surveillance zone analysis are provided in Figure 8 , Figure 9 , and Table 2   , the overall percentages are 25.6 percent (Keplerian), 29.3 percent (apsides steering law), and 32.2 percent (optimal steering law). This means that the heliocentric Earth-following orbits allow 3.7 percent (apsides steering law) and 6.6 percent (optimal steering law) more observation time, or, equivalently, increase the percentage observation time by a factor 1.14 and 1.26 compared to a Keplerian orbit. When inspecting the other results in Table 2 it appears that very similar factors hold for all other cases, i.e., for 
VII. Applications
Two particular applications are envisaged for heliocentric Earth-following orbits: space weather forecasting [20] and Near Earth Objects (NEOs) surveillance [21] . Both require continuous observation along the Sun-Earth line, which can be achieved in an efficient way by the heliocentric Earth-following orbits if multiple spacecraft are phased along the orbit.
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For space weather forecasting purposes, the solar coronal mass ejections that travel from the Sun-Earth line must be detected in order to warn operators of ground and space assets of incoming space weather events. These events can have detrimental effects such as power outages, damage to oil pipelines, need for aviation re-routing, damage to Earth-orbiting satellites, and hazardous conditions for astronauts onboard the International Space Station.
Measurements taken by spacecraft located in a Halo orbit around the classical L1 point (SOHO (ESA/NASA, 1996), ACE (NASA, 1997), and WIND (NASA, 2004)) are currently used to generate these warnings [22] . However, because of their relatively close distance to the Earth, warning times from these satellites are only 30-60 minutes.
Previous and current proposals to use a solar sail to be stationed along the Sun-Earth line sunward of the classical L1 point, the sub-L1 concept, would result in an approximate increase in this warning time of a factor 2 [14, 15] . With a very small aphelion distance of 0.3229 AU along the Sun-Earth line this increase in warning time could be further extended to a factor 68 by the optimal heliocentric Earth-following orbits, keeping in mind that these would require a constellation of solar sail spacecraft while the sub-L1 concept could be achieved with a single satellite.
Concerning the NEOs surveillance application, the heliocentric Earth-following orbits provide a means to detect
NEOs that orbit the Sun within Earth's orbit or more specifically objects that approach the Earth from the direction of the Sun. These pose an increased danger to the Earth since they cannot be tracked from ground-based optical telescopes due to solar radiation disturbances [23] . By orbiting far within Earth's orbit, the heliocentric Earthfollowing orbits provide a way to track these objects, increasing the portion of the sky that can be surveiled compared to ground-based measurements. This is demonstrated in Figure 10 , which provides contours of the minimum asteroid size detectable from either ground-based observations (in the white area) and additional observations from aphelion of the optimal heliocentric Earth-following orbits for ,min SJ   (in the light grey area).
To compute the values in Figure 10 , the approach described in References [23, 24] 
VIII. Conclusions
This Note has introduced the concept of solar sail heliocentric Earth-following orbits. By exploiting the force due to solar radiation pressure on a solar sail, the line of apsides of a heliocentric orbit is rotated such that aphelion is always directed along the Sun-Earth line. This orbit control has been achieved with a simple apsides steering law.
By further assuming that the semi-major axis and eccentricity remain constant along the orbit, an analytic expression for the required sail performance has been derived. Removing this assumption allows for slightly better performing 
